We determined the phase transition of a few selected clusters of water from molecular dynamics simulation by applying a density functional based tight-binding code. An attempt is made to correlate the findings with calculations done with a model classical pairwise additive potential. We used the criteria of change in the slope of the calorific curve along with the Lindemann's criterion of melting of a solid to determine the melting temperature. Our results for these clusters show a non-linear behaviour in transition temperature with the cluster size comparable with results obtained with the model potential.
INTRODUCTION
Water displays a formidable array of unusual physical and chemical properties in its condensed phases. Micro clusters of water molecules are important and an interesting area of nature considering its major role in the metabolic functions and the significant role in the structural changes in our body (Wayne and Rhodes, 2002 ). An understanding of small clusters in general and how their properties evolve with sizes will provide an insight in the bulk behaviour (Briant and Burton, 1975) . There are a number of phenomena in which small clusters of atoms or molecules are believed to play a central role. In the phase transition, the formation of small clusters in a particular phase is a precursor to the transition. Hence, a description of the structure and thermodynamic properties of these clusters is an essential element in analysing the phase change (Etters and Kaelberer, 1975) . Numerous studies have been devoted to understand the dynamics of small clusters of water since the beginning of simulation studies in 1970s, using molecular dynamics (MD) and Monte Carlo (MC) simulation techniques bound by the simple Lennard-Jones (LJ) potential (Wales and Ohmine, 1993b) . Some studies are concentrated on the nature of the pseudo-firstorder melting transition, culminating in a detailed explanation of the observed trends in terms of the underlying potential energy surface (PES) including both minimal and transition states (Wales and Ohmine, 1993a) . The present study is one of a series of MD simulations which are being undertaken to investigate the properties of small water clusters. Our aim is to simulate the melting temperature of water clusters (H 2 O) n of selected sizes and show how their properties evolve with size from ab-initio type of simulations. The sizes of investigated clusters include n = 3, 4 , 5, 6, 8, 10, 12, 15, 18, 24, 20, 27, 30 , and 36 as shown in Fig. 1 . (Sizes n = 2, 7, 24 and 27 are used in the interpolation of the binding energy curve shown curve in Fig. ??) . Some of these bigger clusters were modelled from the existing small units of 3, 4, 5 and 6. For example, sizes n = 8, 20 and 27 were modelled from n = 4, 10, and 15 from n = 5, 12, 18, 24, 30, and 36 from n = 6. The preference is given to those with lowest energy. The binding energy per water molecule, E b , was calculated for these water molecules of each cluster according to the following equation:
where E(H 2 O) n is the total interaction energy for the n-mer cluster and E(H 2 O) is the energy of the water monomer which was calculated with both DFTB and high level ab-initio simulation package (VASP) (Kresse and Futhmüller, 1996) . A fair search for the minima of these structures were carried out before being used as the starting geometry in the molecular dynamics simulation runs. The results of our simulation were compared with some of the results available for the existing clusters from simulation with a model classical pairwise additive potential (CPAP) (Vegiri and Farantos, 1993) .
Our calculations were carried out by using a density functional theory tight-binding code (DFTB). This code combines the efficiency of semiempirical quantum-chemistry and tight-binding approaches with the transferability of more sophisticated density functional methods (Elstner, Porezag, Jungnickel, Elsner et al., 1998) . It has been widely used specifically to study biomolecules with atoms of different electronegativities and different bonding types, ranging from covalent and ionic bonding to hydrogen bonding and van der Waal-type interactions in which water cannot be left out. We have applied these methods to our present study of water clusters. In order to compare the efficiency and reliability of this code in the present calculation of the melting temperatures of the water clusters, we calculated the variation of the total binding energy between the two water molecules, dimer, as a function of of O-O distance and then compared the results with the repeated calculation done with the highly developed ab-initio simulation package, (VASP). Both the DFTB and the VASP predict the minimum O-O distance of ≈ 2.86Å, the minimum binding energy of VASP is about 0.1 eV deeper as shown in Fig. 3 . In this paper, we also present the melting temperature results obtained from the molecular dynamics simulation on the above mentioned clusters and an analysis of some of the structures such as n = 5, 12, 20 and 36 from the oxygen-oxygen pair distribution function which is computed according to the equation (Rapaport, 1995) 
here N is the number of oxygen atoms in the cluster and n(r, t) is the number of pair of oxygen atoms that fall within the shell interval between r and r + δr as the structure evolves in time. The factor 2 takes care of the double counting. The calculation of g OO (r) is done below and above the transition temperatures (T m ) in oder to see the structural changes which take place as the heating process proceeds. The clusters chosen for the analysis of g(r)
were for the mere illustration of states of all the other systems. This gives a rough view of how the bulk solid structural behaviour evolves as the temperature increases. We also calculated the true behaviour of the liquid water making up of 32 water molecules with density 1.0 gcm −3 using the DFTB code and VASP by evaluating its radial distribution functions and compared the result with neutron diffraction scattering data. This allows us to compare the result of the liquid-like behaviour of the water clusters with the the real liquid water behaviour. More so, the calculation also reveal the weakness of DFTB compared to VASP. Finally, some of the available results of the cluster size effect with the melting temperature were later compared with the calculation done by using the classical potentials.
COMPUTATIONAL DETAILS
As stated in Section 1, the reliability of the DFTB code whose accuracy lies between the empirical model and high level ab-initio calculation, was compared with VASP in calculating the total binding energy of the dimer as a function of O-O separations. When doing this calculation with VASP, a dimer was placed in a large cubic supercell whose volume is 20×20×20Å 3 to prevent the real molecule from any possible interaction with its image. The calculation was done with a Γ-point only. The large supercell can be considered as being equivalent to the open boundary condition used in the DFTB calculations. In both methods, we translate one of the molecules of the dimer in the O-O direction without changing the orientation. The variation of total binding energy, E b , with respect to the O-O distance was then calculated according to the equation 1. In order to simulate the melting temperature of the water clusters, we use molecular dynamics (MD) implemented in the DFTB code. In these simulations the equations of motions have been integrated with the help of the velocity form of the Verlet algorithm using a time step of 0.5 fs. The iso-kinetic ensemble method in which the velocities are rescaled according to some probability was used to achieve the desired temperature steps. The initial geometry of the clusters were taken as one of the minimum energy configurations obtained from the conjugate gradient (CG) relaxation of the DFTB calculations. Our final relaxed structures for some of the smaller clusters such as n = 3, 4, 5 , 6, 8 and 20 at 0 K are in agreement with some of the relaxed geometries of Sik Lee and Ohmine, where different local minima for some of the lower clusters were investigated by using the TIP4 model potential, (Wales and Ohmine, 1993a) , (Vegiri and Farantos, 1993) and (Lee, Kim, Lee and Kim, 1997) . In addition to the minima of these small clusters, we have been able to obtain more relaxed geometries which are not necessary the absolute minima for our starting configuration for the solid-like ordered structure in the MD simulation. The calculated energies per molecule of water clusters are comparable with the classical model potential used in the work of (Vegiri and Farantos, 1993 ) with some anomalous behaviour being shown in T m of the smaller clusters, for example, in pentamer (n = 5) as it is also reflected in the binding energy curve in Fig. ? ?.
The binding energies per molecule obtained for each cluster with DFTB are compared with those obtained from other calculations (Vegiri and Farantos, 1993) as shown in Fig. ? ?. We also repeated the calculation of total binding energy per water molecule on the global minimum clusters of water Wales using both the DFTB and the high level ab-initio simulation code, VASP. These results represent the binding energy per molecule and show the increased stability of the clusters as the size grows to the bulk where it saturates. The stability of each cluster depends on how it is built. It could be noticed from all these curves that there is sudden change in E b at n = 8. The fairly systematic search for the minimum structures of of clusters in Fig. 1 was carried out before they were used in the starting configuration of the MD simulation. Once we obtained these minimum energy configurations, their gradual heating was done in steps using the structure at each equilibrated temperature from the previous run. The dynamics of each run was done for 10,000 MD steps. We have determined the average temperature of each run through the equipartion law by calculating the long-time averages of the kinetic energy (E kin ),
where N is the number of degrees of freedom corresponding to the number of atoms of each cluster (from which the centre of mass motion has been removed); k B is the Boltzman's constant. The energy is then plotted versus temperature (calorific curve) from which the melting temperature T m is obtained by finding the point of inflexion of this curve. Usually these modelled clusters exist in the solid-like phase at low temperatures and the liquid-like phase at high temperatures. These two phases are connected by a van der Waals like loop defining a first-order-like transition (Briant and Burton, 1975) . The inflexion point in the calorific curve can be attributed to this region. Sometimes, it is difficult to see the jump in the energy or the abrupt change in the slope of E versus T of the calorific curve, instead, Lindemann's criteria of melting is used along with the former condition of change of slope. This is obtained from the root-mean-square bond-length fluctuation δ OO of oxygen in each of the clusters according to the equation:
Where means time average, and r ij is the distance between the atoms i and j. In our case, i and j are the oxygen atoms since it is the centre of each molecule of the water. The summation is over all molecules, N . The Lindemann's criterion states that a solid melts when δ is greater than 0.1. According to this criterion, melting in solids is caused by a vibrational instability of the crystal lattice when the root-mean-square displacement of the atoms reaches a critical fraction (δ L ) of the distance between them (Robert and Cahn, 2001 ). The greater movement of the particles in the liquid cluster, which lead to their disorder can be seen very clearly after melting has taken place, especially for the smaller clusters. Water clusters are very complicated structures because of the hydrogen bonding network. We took caution in the way we define our transition temperature T m for a particular cluster. A cluster of water may have different isomerization in which there is interconversion of a water cluster from one form of isomer to another when the hydrogen bond-breaking and reforming is substantial, leading to the formation of the new structure before the final melting occurs. This behaviour is marked by fluctuations in both, the calorific curve and the δ OO versus T curve. Examples of molecular dynamics investigations of structure and stability of small clusters of water pentamers at various temperature have been carried out by Plummer (Moore and Chen, 1987) . Melting-like transitions have been predicted for this cluster with wide temperature range. These structural transitions or the isomerization show up as pseudo-transitions in the curve shown in Fig. 5 as the heating proceeds. Therefore, the transition temperature sometimes may depend on how the initial structure is prepared especially for the water clusters. We tried to cross-check the structure of some of these clusters before the transition temperature is reached and after. Below the transition, at low temperatures, the cluster exhibits a solid-like behaviour and above it a liquid-like behaviour. The information about the structural behaviour can be deducted from the analysis of the peaks of the oxygen-oxygen distribution functions computed according to equation 4 (Briant and Burton, 1975) . In order to compare the the behaviour of the cluster 'liquid-like' behaviour with the real liquid, we simulated 32 water molecules in a cubic supercell of length 9.856Å at 300 K. The geometry represents water under ambient conditions at a density 1.0 gcm −3 . The molecular dynamics was done with both VASP and DFTB. Figure 1 shows the results of the geometrical relaxation of our selected clusters. We used these minima energy structures as starting geometry for the MD simulation to minimize possible fluctuations at the start of the simulation. Figure 3 shows the variation of the total binding energy per water molecule of the the dimer as a function of O-O distance. Both the VASP and the DFTB predict approximate the same minimum distance of 2.85Å but the potential energy minimum of VASP is deeper showing its superiority to DFTB. DFTB is not that bad, at least, it also gives the exact position of the minimum. Figure ? ? shows the plots of the binding energy per molecule of the water in the clusters calculated with the DFTB and with VASP and also some other results available in the literature. For VASP we used the global minimum structure calculated with TIP4P potential Wales and Hodges (1998); Jorgensen et al. (1983) . We then compared the results with other calculations done with different classical potentials such as MMC, CCD, and TIP4 (CPAP). These curves represent the binding energy per molecule of the clusters as the size grows. The stability of each cluster depends on how it is built and the minimum energy depends on the kind of potential used as can be seen in the inset of Fig. ? ?, where the binding energy per molecule in the cluster is compared with the one obtained with DFTB. The VASP reproduces fairly well the CCD results ? compare to the DFTB which shows some large difference in the energy scale. All the curves show the same behaviour except for the different energy scale. The systematic search for the minima structure of Fig. 1 were carried out before they were used in the MD simulation. Figures 4, 5, 6, 7, 8, and 9 show the results of the MD simulations in which the energies are plotted as a function of temperature. These plots of energy versus kinetic temperatures shown are together with the plots of δ OO versus T . For all the clusters, the transition regions are marked by the change in the slope of the E(T ) curves. The melting temperature predicted by the inflexion point of the calorific curve correlates with the calculated value of δ OO > 0.1 of the Lindemann's method, in which the relative fluctuation of the interparticle separation is about 10 percent. At low temperature (below T m ), the clusters show a small change in δ OO (which implies an approximate constant structure) until T m is reached. The high temperature regime above T m shows pronounced fluctuations of the structure, which is characterized by the larger value of δ OO . We used some non-linear curve-fitting shown as solid thick line as visual aid to show both the behaviour of the E(T ) curve and δ OO (T ). In determining the transition temperature, one should be carefully aware of the fluctuations of the structure which show a kind of "pseudo-transition" especially as change of the slope of the E(T ) curve or when the Lindemann's line is approached. This pseudo-transition is what we attribute to the isomerization process, where a cluster is found to be stable at a particular temperature.
RESULTS AND DISCUSSION
In order to show that there is a change in the structure of these clusters from the solid-like to the liquid like behaviour, we plotted the radial distribution function of the oxygen-oxygen distance in H 2 O-H 2 O for n = 5, 12, 20 and 36 below and above the transition temperature for mere illustration of the change of state of the structure. These are shown in Fig. 10 and 11 . The results show the first sharp peak in all clusters at an average distance of 2.87Å which is roughly the same as the minimum distance obtained from the total energy per water molecule in the dimer against the O-O distance. This also shows the first nearest-neighbour distance of oxygen in the clusters and the extent of the hydrogen-bond formation. At low temperatures below T m , there is appearance of other peaks such as the second peak showing the effect of the second nearest-neighbour distance. Above T m , the second peaks broaden and then flatten due to the gradual formation of the liquid-like structure; the disappearance of the second peak then at high temperatures is an indication of a complete liquid-like regime with larger intermolecular amplitude vibrations. Figure 12 shows the calculated radial distribution functions (RDFs) , g OO(r) , g OH (r) and g HH(r) from DFTB and high level ab-initio simulation code, VASP. Both results were compared with the neutron diffraction scattering data Soper (2000) as shown in Fig. 12 . The calculation of RDFs shows the weakness of the DFTB as the peaks of RDFs obtained are higher than what is produced from the experiment while VASP agrees fairly well with the data. Nevertheless, the positions of the peaks are roughly the same in all and they are broad. The broadness of the second peak obtained at high temperature above the melting region for the water clusters can be linked to the the behaviour of real liquid water.
It is not clear if the transitions obtained from the E(T ) curves are first order phase transitions in which there is a discontinuity in the derivative of E with respect to T , especially for smaller clusters n = 3, 4, and 5. All the T m reported are just averages of final transition regions observed. The summary of the cluster size effect with T m for the different methods is listed in Table  1 and shown in Fig. 13 . In the inset of Fig. 13 is also shown the behaviour of T m (N −1 ). The table/plot illustrates the difference in the melting temperature predicted by DFTB and the classical pairwise additive potential and also shown is a result obtained from the simple point charge model (SPC) model calculation of the vibrational temperature of pentamer (Wayne, Fried and Mukamel, 1993) . If we compare the DFTB results with the pairwise additive potential, one can notice some correlation in the values of T m predicted by both methods, especially for the bigger clusters. Both calorific curve and Lindemann's criterion from δ OO (T ) show some agreements in locating T m especially for the smaller clusters below n = 20. It becomes difficult to see clearly the transition point in δ OO (T ) because of the fluctuations. This might be due to the fact that 10,000 iterations are not sufficient to calculate any meaningful averages for the bigger clusters. But the calorific curve behaviour does not change as much within this limit of iterations.
SUMMARY
In this work we have been able to present the molecular dynamics evidence for the melting transition of water clusters of different sizes. The difference in the values of T m obtained might be due to the different potentials used and also due to the starting configuration. For instance, the pentamer calculated with the DFTB method shows full transition at 217 K while the SPC/E water model estimated a full transition to occur at 315 K (Wayne, Fried and Mukamel, 1993) while the classical pairwise additive potential (CPAP) predicts T m to be 95 K. The calculation using the PM3 semiempirical method (Wayne and Rhodes, 2002) predicted 152 K (which might be due to the structural transformation earlier explained). Isomerization in the pentamer is given as an example because a lot of studies have been carried out for it. The portion of the simulation viewed on the computer screen revealed all the other transformations which took place in the other clusters. This explains the appearance of short time fluctuations occurring in δ OO (T ) as the clusters have sufficient energy to undergo such isomerization as the temperature increases. These observed isomerizations might correspond to several of the local minimum configurations. In this context it is worthwhile to mention that in most recent calculations of global minima of water clusters [(H 2 O) n , n ≤ 25] using empirical potentials hitherto not considered structures for some water clusters have been found (Kabrede and Hentschke, 2003) . The RDFs plotted for some of the clusters only show the behaviour of the structure that took place as the temperature increases. The melting temperature cannot be directly predicted from these curves. A general observation is that the relationship between the number of water molecules in the clusters and the melting temperature is not linear. Most of the anomalous behaviour is revealed for the smaller clusters. It is also not clear whether there are some magic numbers of molecules, as was observed for some other clusters like argon and sodium (Kusche, Hippler, Schmidt, von Issendorf et al., 1999) . Though, from all the binding energy per water molecules curves shown in Fig. ? ?, there is a sudden decrease of E b at the value of n = 8. One may be tempted to consider that n = 8 is the first magic number for water clusters as was reported in the calculation done by Sakir et. al using the central force model potential (CF1 and CF2) (Sakir, 2000) . This anomalous behaviour might be due to the complexity of water connected with the formation of the hydrogen bonding networks. Table I There is a continuous increase (in the negative sense ) from the smaller clusters which saturates towards the bulk value except for some anomalies between pentamer and octamer which might be due to the inability to reach the absolute minimum configuration or it is just the natural behaviour of these clusters because all the curves show these anomalies except for the scale of energies. Plots of the radial distribution functions g OO (r), g OH (r) and g HH (r) of real liquid water of 32 molecules obtained with DFTB, VASP and neutron diffraction scattering data. The g OO (r) in this picture shows broader behaviour in the second peaks compared to the corresponding peaks of the water clusters in Fig. 10 and 11 above the melting temperature . 
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